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AN EVOLUTIONS EQUATION AS THE WKB CORRECTION IN
LONG-TIME ASYMPTOTICS OF SCHRO¨DINGER DYNAMICS
SERGEY A. DENISOV
Abstract. We consider the 3–dimensional Schro¨dinger operator with slowly
decaying potential whose radial derivatives are short-range. The long-time
asymptotics for solution of the corresponding non-stationary equation is es-
tablished. In this case, the standard WKB-correction should be replaced by
the solution of certain evolution equation.
Consider the Schro¨dinger operator
H = −∆+ V, x ∈ R3 (1)
In this paper, we assume that potential V (x) satisfies the following conditions:
Conditions A:
|V | < Cr−γ ,
∣∣∣∣∂V∂r
∣∣∣∣ < Cr−1−γ ,
∣∣∣∣∂
2V
∂r2
∣∣∣∣ < Cr−1−2γ , V (x) ∈ C2(R3), r = |x|
and
1 > γ > 1/2 (2)
We will study the scattering properties ofH , in particular the long-time asymptotics
of the group eitH . This group gives the solution to the non-stationary equation: if
ψ(t) = eitHf and f ∈ L2(R3), then
∂ψ/∂t = iHψ, ψ(0) = f
The scattering theory for Schro¨dinger operator is a classical subject (see, e.g. [14,
15, 5]). We want to mention here several results that motivated us to write this
note. Some of them are rather old and well-known, some are quite new.
The following theorem can be found in [14] (Theorem 4.1), [16] (see also [7, 1, 6]
for other results on long-range scattering).
Theorem 0.1. (Yafaev [14, 16]) Assume that
|DkV (x)| < C〈x〉−γ−|k|
with γ > 1/2 and any k : |k| < k0, k0–big enough. Introduce
Ξ(x, t) = |x|2/(4t)− t
∫ 1
0
V (sx)ds (3)
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and
E0(t)[f ](x) = exp [iΞ(x, t)] (2it)
−3/2fˆ(x/(2t)) (4)
where fˆ denotes the Fourier transform of f . Then, the limits
W
± = s− lim
t→±∞
exp(iHt)E0(t) (5)
exist. They are called the modified wave operators 1.
Note that the modification is done in the physical space by the integral of po-
tential over the segments {tx, t ∈ [0, 1]}. We have
exp [iΞ(x, t)] = exp
[
i|x|2/(4t)
]
· exp
[
−it
∫ 1
0
V (sx)ds
]
and the second factor will be called the WKB-correction in the long-time asymp-
totics of exp(itH). For the short-range case (i.e., when γ > 1) this factor can be
discarded. Perhaps, the definition of wave (modified wave) operators in momentum
space is more standard (see, e.g. [14, 8]). Nevertheless, in our paper, we will be
working in the physical space only.
The existence of modified wave operators per se does not imply that the spec-
trum of H is purely absolutely continuous on positive half-line. Therefore, the
following result (see, e.g., [14], Theorem 4.2 and references therein) complements
the Theorem 0.1.
Theorem 0.2. Assume that V (x) is such that∣∣∣∣∂V∂r
∣∣∣∣ < Cr−1−
Then, the positive spectrum of H is absolutely continuous.
The proof of this result is based on the Mourre estimates and also shows that the
absorption principle holds in the suitable weighted spaces. It also allows to handle
the short-range perturbations. Other proofs (see, e.g., [12, 10]) are using various
PDE techniques and can handle more general cases.
In the meantime, we are not aware of any results where the existence of modified
wave operators is proved in the case when the strong decay is assumed only for
the radial derivative of the potential and nothing is known about the tangential
component of the gradient. If, instead, the tangential component of the gradient is
decaying fast, then the recent result by Perelman [11] shows that the a.c. spectrum
ofH fills R+ but it can coexist with singular spectrum. In [11], the WKB correction
for the spatial asymptotics of Green’s function is proved to be similar to that in
the Theorem 0.1: the modification comes from the integration of potential over the
segments. In papers [2, 9], the scattering theory for Hamiltonians with zero-degree
homogeneous potentials was considered. The dynamics in this case is nontrivial
and the analysis is quite intricate.
In this paper, we consider potential that satisfies Conditions A. The Theorem 0.2
guarantees that the positive spectrum is purely absolutely continuous. Our goal is
to obtain an analog of Theorem 0.1. In our opinion, the most interesting part of
this paper is new WKB correction to the asymptotics2. This correction is not so
1Actually, any γ ∈ (0, 1) was treated but the modification Ξ is then more involved
2C. Ge´rard kindly mentioned to us that somewhat similar corrections were obtained in Sections
3.6 and 4.8 of [5].
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surprising in view of recent calculations done for sparse slowly decaying potentials
(see discussion in [3]).
The paper is divided into two parts. In the first one, we introduce and study the
evolution equation which gives the right WKB correction. The second part contains
the proof of the main Theorem, several corollaries and examples. We will use the
following notations: 〈x〉 stands for (|x|2 + 1)1/2, F denotes the Fourier transform
normalized to be unitary map from L2(R3) onto itself, the symbol D denotes the
differential of a function, Σ stands for the two-dimensional unit sphere, B denotes
the (positive) Laplace-Beltrami operator on Σ. The symbols Hα(Σ) stand for
Sobolev spaces with index α. For any vector x 6= 0, x ∈ R3, we write xˆ = x/|x|.
For smooth function f(x), x ∈ R3, fr will mean the radial derivative and r = |x|.
Symbol D(A) stands for the domain of definition of self-adjoint operator A and
Eλ(A) is its orthoprojector.
Acknowledgement. We are grateful to A. Ionescu and A. Kiselev for useful
discussions and to C. Ge´rard, I. Herbst, and D. Yafaev for providing us with some
very important references.
1. Evolution equation
In this section, we discuss one very special evolution equation which will play an
important role later. It can be easily studied by well-known methods but we will
give all details for completeness.
Consider the following evolution equation:
ikyτ(τ, θ) =
(By)(τ, θ)
τ2
+ V (τ, θ)y(τ, θ), τ > 0 (6)
where k ∈ R\{0}, V (τ, θ) is real-valued, and the function y(τ, θ) ∈ L2(Σ) for any
τ > 0. Later on, we will let V (τ, θ) = V (τ · θ) where the potential V (x) is the
Schro¨dinger potential introduced before. Let us define and study U(k, τ0, τ)f– the
solution of (6) satisfying an initial condition U(k, τ0, τ0)f = f where τ, τ0 > 0 and
f ∈ L2(Σ). Note first that if V = 0, then we can write the solution in terms of
more familiar Schro¨dinger evolution on the sphere:
U0(k, τ0, τ) = exp
[
1
ik
τ − τ0
ττ0
B
]
For any fixed f ∈ L2(Σ), the following limit exists
lim
τ→∞
U0(k, τ0, τ)f = exp
[
1
ik
B
τ0
]
f
Then, U(k, τ0, τ) allows the formal Duhamel expansion involving U0(k, s, t) and
V (s). Assuming ‖V (τ, ·)‖L∞(Σ) ∈ L
1
loc(R
+) one can easily prove convergence of
this expansion in L2(Σ) and we define U(k, τ0, τ) in this way. For simplicity, from
now on we assume that V ∈ C2((0,∞) × Σ). Then, for f ∈ H2(Σ), U(k, τ0, τ)f
gives the actual solution to differential equation. Notice that U(k, τ0, τ) is unitary
on L2(Σ) and U∗(k, τ0, τ) = U
−1(k, τ0, τ) = U(k, τ, τ0). This is an elementary
property of any evolution equation with self-adjoint coefficients. If V (τ, θ) decays
fast enough, then the perturbation theory easily yields existence of the strong limit
for U(k, τ0, τ) as τ → +∞. For instance, we have the following elementary Lemma
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Lemma 1.1. If ‖V (τ, ·)‖∞ ∈ L
1[1,∞), the the limit
lim
τ→∞
U(k, τ0, τ)f = U(k, τ0,∞)f
exists for any f ∈ L2(Σ).
Proof. If U(k, τ0, τ) = U0(k, τ0, τ)Y (τ), then
Yτ (τ) = U0(k, τ0, τ)
−1V (τ)U(k, τ0, τ)Y (τ)
That yields ‖Y ‖ is bounded in τ . Since ‖Yτ‖ ∈ L
1[1,∞), the Cauchy criteria
guarantees that Y (τ) converges to Y (∞) in norm topology. U0(k, τ0, τ) converges
to U0(k, τ0,∞) strongly and so we get the statement of the Lemma. 
Consider the following conditions that are essentially identical to Conditions A:
Conditions A1:
‖V (τ, ·)‖L∞(Σ) < Cτ
−γ ,
∥∥∥∥∂V∂τ (τ, ·)
∥∥∥∥
L∞(Σ)
< Cτ−1−γ ,
∥∥∥∥∂
2V
∂τ2
(τ, ·)
∥∥∥∥
L∞(Σ)
< Cτ−1−2γ
(7)
and
V (τ, θ) ∈ C2([1,∞)× Σ), τ ≥ 1, 1 > γ > 1/2 (8)
As we will see later, the solution to evolution equation does not have to have any
limit as τ → ∞ in this case. In the meantime, one can obtain some estimates on
the decay of various derivatives. From now on, the norm ‖ · ‖ means L2(Σ) norm.
For any f ∈ L2(Σ), denote
W (k, τ)f = U(k, 1, τ)f (9)
Lemma 1.2. Assume that V satisfies Conditions A1 and k ∈ I ⊂ R+, f ∈ H4(Σ).
Then, the following estimates hold true
‖Wτ (k, τ)f‖ < Cτ
−γ (10)
‖Wττ (k, τ)f‖ < Cτ
−2γ (11)
‖Wk(k, τ)f‖ < Cτ
1−γ (12)
‖Wτk(k, τ)f‖ < Cτ
1−2γ (13)
‖Wkk(k, τ)f‖ < Cτ
2−2γ (14)
where the constant C depends on I, ‖f‖H4(Σ), and constants in the Conditions A1.
Proof. Let y =W (k, τ)f and u = yτ . We have
ikyτ =
[
B
τ2
+ V
]
y, ikuτ =
[
B
τ2
+ V
]
u+
[
Vτ − 2
B
τ3
]
y (15)
Multiply the first equation by 2τ−1 and add to the second one to get
ik
[
uτ + 2
u
τ
]
=
[
B
τ2
+ V
]
u+
[
Vτ + 2
V
τ
]
y
Let
φ = τ2u (16)
Then the equation can be rewritten as
ikφτ =
[
B
τ2
+ V
]
φ+ τ2
[
Vτ + 2
V
τ
]
y, φ(1) = (Bf + V (1)f)/(ik) (17)
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Therefore,
φ(τ) = U(k, 1, τ)φ(1) +
∫ τ
1
s2U(s, τ)
[
Vτ + 2
V
s
]
yds
Using Conditions A1 and ‖y‖ = ‖f‖, we get an estimate
‖φ(τ)‖ < C‖f‖H2(Σ) + C‖f‖τ
2−γ
Thus, (16) yields (10). To prove the estimate on the second derivative in time, we
introduce ψ = yττ . Then,
ikψτ =
[
B
τ2
+ V
]
ψ +
[
Vττy + 2Vτyτ − 4
B
τ3
yτ + 6
B
τ4
y
]
Multiply the second equation in (15) by 4τ−1 and add to the equation above. We
get
ik
[
ψτ + 4
ψ
τ
]
=
[
B
τ2
+ V
]
ψ +
[
Vττy + 2Vτyτ − 2
B
τ4
y + 4
V
τ
yτ + 4
Vτ
τ
y
]
Using the suitable substitution again, one has
ψ(τ) = τ−4U(k, 1, τ)ψ(1)
+τ−4
∫ τ
1
s4U(k, s, τ)
[
Vττy+2Vτyτ − 2
B
s4
y + 4
V
s
yτ + 4
Vτ
s
y
]
ds
and
ψ(1) = (ik)−2(B + V )2|τ=1f + (ik)
−1(Vτ (1)− 2B)f
Using estimate on yτ , Conditions A1, and equation (6) to bound s
−4By, we get
(11).
Differentiate the first equation in (15) in k. If yk = χ, then
ikχτ =
[
B
τ2
+ V
]
χ− iyτ , χ(1) = 0 (18)
and
χ(τ) = −i
∫ τ
1
U(k, s, τ)yτ (s)ds
Now, the estimate (10) yields (12) immediately.
Let us estimate the mixed derivative of y, i.e. µ = ykτ . To do so, differentiate
(18) in τ :
ikµτ =
[
B
τ2
+ V
]
µ+
[
−iyττ − 2
B
τ3
yk + Vτyk
]
Multiply (18) by 2τ−1 and add to the last equation. We then have
ik
[
µτ + 2
µ
τ
]
=
[
B
τ2
+ V
]
µ+
[
−iyττ + Vτyk + 2
V
τ
yk − 2i
yτ
τ
]
which yields
µ(τ) = τ−2µ(1) + τ−2
∫ τ
1
s2U(k, s, τ)
[
−iyττ + Vτyk + 2
V
s
yk − 2i
yτ
s
]
ds
Using estimates on yττ , yk, yτ and Conditions A1, we get (13).
The last estimate on ykk can be obtained by differentiating (18) in k. If η = ykk,
then
ikητ =
[
B
τ2
+ V
]
η − 2iyτk, η(1) = 0
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Estimate (13) readily yields (14). 
Making some assumptions on angular derivatives of V we obtain quite a different
result.
Lemma 1.3. Assume that V is such that
‖V ‖L∞(Σ) ∈ L
∞[1,∞), ‖DθV (τ, θ)‖L∞(Σ) < Cτ
−γ , ‖D2θV (τ, θ)‖L∞(Σ) < Cτ
1−2γ
(19)
Then, the following asymptotics holds
[W (k, τ)f ](θ) = exp
[
(ik)−1
∫ τ
1
V (s, θ)ds
]
· [Wmod(k, τ)f ](θ)
where Wmod(k, τ)f → Wmod(k,∞)f in L
2(Σ) as τ →∞ and f ∈ L2(Σ).
Proof. The proof is elementary. Let y =W (k, τ)f . First, let us get an estimate on
Dy. We have
ik[Dy]τ =
B
τ2
[Dy] + V [Dy] + y[DV ], [Dy](1) = Df
and
‖Dy‖ < C‖f‖H1 + C
∫ τ
1
s−γds < Cτ1−γ (20)
Denote
ϕ = (ik)−1
∫ τ
1
V (s, θ)ds
and write W (k, τ)f = exp(ϕ)ν(τ). For ν, we have equation
ikντ =
B
τ2
ν + g, g =
2Dν ·Dϕ+Bϕ+Dϕ ·Dϕ
τ2
and ν(1) = f . But Dν = D(y exp(−ϕ)). From (19) and (20), we have
‖g‖ < Cτ−2γ , ‖g‖ ∈ L1[1,∞)
Since U0(k, 1, τ) → U0(k, 1,∞) strongly, we immediately get the statement of the
Lemma. 
The meaning of the Lemma is quite simple: if V (τ, θ) does not depend much on
angle θ, then the τ−2B term in (6) can be neglected.
The next result in not so surprising in view of recent papers [4, 13].
Lemma 1.4. Assume that V (τ) = τ−2[BQ](τ) and both V (τ, θ) and Q(τ, θ) satisfy
the Conditions A1 with γ > 2/3. Then, for any f ∈ L2(Σ), we have
U(k, 1, τ)f → U(k, 1,∞)f, τ →∞
Proof. The equation (6) can be rewritten as follows
ikyτ =
B
τ2
[y +Qy] + g, g = −Q
B
τ2
y − 2
DQ ·Dy
τ2
From Lemma 1.2, we get ‖τ−2By‖ < Cτ−γ . By interpolation with ‖y‖ = ‖f‖,
we have ‖τ−1Dy‖ < Cτ−γ/2. For Q, we have ‖Q‖ < Cτ−γ , ‖τ−2BQ‖ < Cτ−γ .
Interpolating again, ‖τ−1DQ‖ < Cτ−γ . Consequently, ‖g‖ < Cτ−3γ/2 and ‖g‖ ∈
L1[1,∞). Let us consider z = y +Qy. For z,
ikzτ =
B
τ2
z + g1, g1 = g + ik(Qyτ +Qτy), ‖g1‖ ∈ L
1[1,∞)
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Therefore, z(τ)→ z(∞). Since ‖Q(τ, θ)‖∞ → 0, the limit of y exists as well. 
We believe that the condition γ > 2/3 can be replaced by γ > 1/2.
The following example is very instructive.
Example. Introduce the spherical coordinates on Σ using angles φ ∈ [0, 2pi), ψ ∈
[0, pi). Consider, say, diadic decomposition of [1,∞). For τ ∈ [2n, 2n+1], we let
M(τ, φ, ψ) = v(τ) sin(2nφ)χ(ψ), where v(τ) is such that |v(τ)| < Cτ−γ , |v′(τ)| <
Cτ−1−γ , |v′′(τ)| < Cτ−1−2γ . We also assume v(τ) = 0 for τ ∈ [2n − 1, 2n + 1] and
any n. Function χ(ψ) = 0 for ψ ∈ [0, δ] ∪ [pi − δ, pi] and is infinitely smooth. For
V =M and γ > 1/2, conditions of Lemma 1.2 are satisfied.
Letting Q = M and V (τ, φ, ψ) = τ−2BQ(τ, φ, ψ), we satisfy conditions of the
Lemma 1.4 as long as γ > 2/3. Therefore, the scalar modification exp(ϕ) used in
Lemma 1.3 is not correct if applied to situation considered in Lemma 1.4 (i.e. the
statement of Lemma 1.3 is wrong under conditions of Lemma 1.4). That can be
easily proved by contradiction if v(τ) is chosen properly.
It is important to emphasize that Lemmas 1.1 and 1.2 never used the special
properties of Laplace-Beltrami operator. The other two Lemmas did use the fact
that Laplace-Beltrami operator is the second-order differential operator.
2. Asymptotics of the Schro¨dinger evolution
The main goal of this section is to prove an analog of Theorem 0.1 provided that
only the radial derivatives are short-range. We need to introduce some notations
first. Recall the definition of W (k, τ), formula (9). For any t > 0, consider the
following operator
[E(t)f ](x) = (2it)−3/2 exp
[
i|x|2/(4t)
]
·W (|x|/t, |x|)
[
fˆ(|x|/(2t)θ)
]
(xˆ)
acting on f ∈ Ω. The space Ω consists of functions f such that fˆ ∈ C∞(R3),
fˆ is compactly supported and vanishes in a neighborhood of the origin (i.e. fˆ ∈
C∞0 (R
3\{0}). For clarity, we explain the meaning of the third factor
W (|x|/t, |x|)
[
fˆ(|x|/(2t)θ)
]
(xˆ)
in more details. To define this function on the sphere of radius |x|, we consider
fˆ(|x|/(2t)θ) as the function on the unit sphere (i.e., θ ∈ Σ). Since fˆ vanishes near
the origin, we do not have any problems with definition at |x| = 0. Then, we act on
this function with the operator W (k, τ) where k = |x|/t and τ = |x|. The resulting
function is taken at the point xˆ ∈ Σ. This third factor is the WKB correction in
the time evolution of exp(itH) as t → ∞. We will need to know some properties
of E(t).
Lemma 2.1. For any t > 0, E(t) can be extended to a unitary linear operator on
L2(R3).
Proof. Fix t > 0. Linearity of E(t) on Ω is obvious. Let us show that it is an
isometry on Ω. We have
‖E(t)‖22 =
1
(2t)3
∫ ∞
0
ρ2
∫
θ∈Σ
∣∣∣W (ρ/t, ρ) [fˆ(ρ/(2t)σ)] (θ)
∣∣∣2 dθdρ
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Since W (k, τ) is unitary for any k and τ ,
‖E(t)‖22 =
1
(2t)3
∫ ∞
0
ρ2
∫
σ∈Σ
∣∣∣fˆ(ρ/(2t)σ)
∣∣∣2 dσdρ = 1
(2t)3
∫
R3
|fˆ(x/(2t))|2dx
=
∫
R3
|fˆ(x)|2dx = ‖f‖2
Since Ω is dense in L2(R3), E(t) can be extended to L2(R3) as an isometry. The
adjoint operator can be easily computed
[E∗(t)f ](x) = ei
3pi
4 (2t)3/2 · F−1
{
exp
[
−it|w|2
]
·W ∗(2|w|, 2|w|t) [f(2t|w|σ)] (wˆ)
}
The kernel of E∗(t) is trivial. Therefore, the range of E(t) is L2(R3) and E(t) is
unitary. 
For t < 0, E(t) can be defined in the same way. Now we are prepared for the
main result of this paper.
Theorem 2.1. Assume that V satisfies Conditions A. Then, for any f ∈ L2(R3),
the following limits exist
W±f = lim
t→±∞
exp(iHt)E(t)f
We will call these operators W± the modified wave operators.
Proof. We will consider the case t → +∞ only. The other situation is analogous.
Since both operators exp(iHt) and E(t) are unitary, the limit W+, if exists, is
an isometry. Also, it is sufficient to prove existence of W+f for f ∈ Ω because
Ω = L2(R3). Fix f ∈ Ω. We will use Cook’s method to show existence of the limit.
To do that, compute a derivative
d
dt
[exp(itH)E(t)f ] = exp(itH)
[
iHE(t)f +
d
dt
E(t)f
]
To prove existence of the limit, it is sufficient to show that this derivative has
L2(Σ)–norm in L1[1,∞). This is equivalent to∥∥∥∥iHE(t)f + ddtE(t)f
∥∥∥∥ ∈ L1[1,∞)
Checking the last claim is a straightforward calculation that uses properties of
evolutionW (k, τ) studied in the previous section. For simplicity, write [E(t)f ] (x) =
κ(t, x) · Y (t, x), where
κ(t, x) = (2it)−3/2 exp
[
i|x|2/(4t)
]
, Y (t, x) =W (|x|/t, |x|)
[
fˆ(|x|/(2t)θ)
]
(xˆ)
Since (
i
∂
∂t
+∆
)
κ(x, t) = 0, t > 0
we are left with estimating
∆(κY ) + i
d
dt
(κY )− V κY = 2∇κ · ∇Y + κ∆Y + iκ
d
dt
Y − V κY
Let us compute each derivative and show the cancelation of the main terms. We
assumed that f ∈ Ω and then fˆ(ω) has support within the spherical layer 0 < δ1 <
|ω| < δ2. Therefore, Y (x, t) = 0 for |x| < 2δ1t and for |x| > 2δ2t.
2∇κ · ∇Y = κ
i|x|
t
d
dr
Y = κ
i|x|
t
{
t−1Wk(|x|/t, |x|)
[
fˆ(|x|/(2t)θ)
]
(xˆ) (21)
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+Wτ (|x|/t, |x|)
[
fˆ(|x|/(2t)θ)
]
(xˆ) + (2t)−1W (|x|/t, |x|)
[
fˆr(|x|/(2t)θ)
]
(xˆ)
}
,
iκ
d
dt
Y = −iκ
|x|
t2
Wk(|x|/t, |x|)
[
fˆ(|x|/(2t)θ)
]
(xˆ)
−iκ
|x|
2t2
W (|x|/t, |x|)
[
fˆr(|x|/(2t)θ)
]
(xˆ),
We can write ∆ in the following way
∆ =
1
r2
∂r(r
2∂r)−
B
r2
= ∂2r +
2
r
∂r −
B
r2
The first derivative d/dr was calculated in (21). The second derivative gives
d2Y
dr2
= t−2Wkk(|x|/t, |x|)
[
fˆ(|x|/(2t)θ)
]
(xˆ) + 2t−1Wkτ (|x|/t, |x|)
[
fˆ(|x|/(2t)θ)
]
(xˆ)
+Wττ (|x|/t, |x|)
[
fˆ(|x|/(2t)θ)
]
(xˆ) + t−2Wk(|x|/t, |x|)
[
fˆr(|x|/(2t)θ)
]
(xˆ)
+t−1Wτ (|x|/t, |x|)
[
fˆr(|x|/(2t)θ)
]
(xˆ) + (2t)−2W (|x|/t, |x|)
[
fˆrr(|x|/(2t)θ)
]
(xˆ)
Then, we can do some obvious cancelations and combine these terms as follows
2∇κ · ∇Y + κ∆Y + iκ
d
dt
Y − V κY = (22)
= κ
{
i
|x|
t
Wτ (|x|/t, |x|) −
B
|x|2
− V
}[
fˆr(|x|/(2t)θ)
]
(xˆ) +R(x, t)
By the definition of evolution equation itself, the first term is identically zero.
Now, we just need to show that ‖R(·, t)‖ ∈ L1[1,∞). But R(x, t) = κ(d2/dr2 +
2r−1d/dr)Y (x, t) and we have to use formulas above and estimates on the deriva-
tives from Lemma 1.2. It is more convenient to write these bounds in spherical
coordinates:
‖R‖2 < Ct−3
2δ2t∫
2δ1t
ρ2‖
[
d2/dρ2 + 2ρ−1d/dρ
]
Y (ρ, θ, t)‖2L2(θ∈Σ)dρ < Ct
−4γ
where the last estimate follows directly from Lemma 1.2 because fˆ(ω) is infinitely
smooth. The constant C does depend on δ1(2). Since γ > 1/2, we have ‖R‖ ∈
L1[1,∞) and that finishes the proof. 
Notice that this Theorem is strictly stronger than Theorem 0.1. This is due
to Lemmas 1.3, 1.4, and the Example considered at the end of previous section.
It says, essentially, that the right WKB correction is provided by solution to the
evolution equation (6). We do not see how any further asymptotical expansion of
W (k, τ) can be done (i.e. W (k, τ) seems to be “thing in itself”, e.g. like the function
eix). That, apparently, is the key difficulty in this and many related problems.
An important example of V from Theorem 2.1 is provided by the following
construction which is similar to Example considered in the previous section. Again,
take a diadic decomposition of [1,∞) and define V in spherical coordinates as
follows: V (ρ, θ) = v(ρ) · hn(θ) for ρ ∈ [2
n, 2n+1], where v(ρ) is borrowed from
Example and hn(θ)– smooth function on Σ, different for each n.
Now, let us study operators W±.
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Lemma 2.2. For any bounded measurable function Φ(λ), we have an intertwining
property
Φ(H)W± = W±Φ(H0) (23)
The subspaces H± = RanW± reduce H and H |H± are unitarily equivalent to H0.
Proof. Again, we give details for t → +∞ only. First, consider Φ(λ) = exp(iTλ)
with fixed T . Let f ∈ Ω. Then, (23) is equivalent to
lim
t→+∞
exp(itH)E(t− T )f = lim
t→+∞
exp(itH)E(t) exp(iTH0)f
We have
[E(t− T )f ](x) = (2i(t− T ))−3/2 exp
[
i|x|2/(4t− 4T )
]
×
W (|x|/(t− T ), |x|)
[
fˆ(|x|/(2t− 2T )θ)
]
(xˆ)
and
[E(t) exp(iTH0)f ](x) = (2it)
−3/2 exp
[
i|x|2/(4t) + iT |x|2/(4t2)
]
×
W (|x|/t, |x|)
[
fˆ(|x|/(2t)θ)
]
(xˆ)
Using the estimate |x| < at, a > 0, identity
[
W (|x|/(t−T ), |x|)−W (|x|/t, |x|)
]
fˆ(|x|/(2t)θ) =
|x|/(t−T )∫
|x|/t
Wk(α, |x|)fˆ (|x|/(2t)θ)dα
and the bound (12), we easily get
‖E(t− T )f − E(t) exp(iTH0)f‖L2(R3) → 0
as t → ∞. If (23) is true for dense set Ω, then it must be true for L2(R3) since
the operators involved are bounded. Thus, (23) holds for Φ(λ) = exp(iTλ) with
any T . The standard approximation argument then implies (23) in the general
setting. We refer the reader to Theorem 4, p. 69, [15] for details. In particular,
Eλ(H)W± = W±Eλ(H0) and W±D(H) ⊆ D(H0). Of course, both D(H) and
D(H0) are identical to H
2(R3).
Taking adjoint of (23), we get
Eλ(H0)W
∗
± = W
∗
±Eλ(H) (24)
and therefore KerW∗± reduces Eλ(H). That implies RanW± reduces Eλ(H) as
well. The rest of the Lemma now follows easily. 
The following corollary is straightforward
Corollary 2.1. For any f = W±g ∈ H, the following asymptotics holds true
exp(−itH)f = E(t)g + o¯(1) (25)
where ‖o¯(1)‖L2(R3) → 0 as t→ ±∞.
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